Abstract. The incidence relations between a Pfaffian system and the characteristic system of its first derived system lead to obtain a characterization of Pfaffian systems with derived length one. Also, for flag systems, several properties are studied. In particular, an intrinsic proof of a result which determines the class of a system and of all the derived systems is given.
Introduction
In this paper, by means of a structure tensor and the incidence relations between a Pfaffian system S and the characteristic system of the first derived system S 1 , characterizations for the integrability of S 1 are obtained. In this paper we introduce new proof techniques which allow us to obtain the results in an instinsic way, not by using coordinates, as was traditional in earlier works concerning Pfaffian systems. So, for example, we give an intrinsic proof of a result that allows us to determine the class of a Pfaffian system and of its first derived system whenever the second derived system there exists and each of them has codimension one in the previous system. This result is particularly interesting for the flag case.
We have attempted to write this paper in a reasonably self-contained form. So, in Section 2, we recall the basic definitions and theorems from the theory of Pfaffian systems we will need.
In Section 3 we present a structure tensor defined by [8] . ( We point out that we are not dealing with the well known Sternberg's structure tensor for G-structures.) This tensor k leads to a reformulation of Frobenius' theorem and it is used to define the characteristic and the derived systems of a Pfaffian system S.
This tensor k, together with the study of the incidence between S and the characteristic system of the first derived system, is used to obtain (Theorem 4.1) a characterization of the integrability of S 1 . Also in Section 4, by using the same technique, other properties of Pfaffian systems are obtained.
In Section 5 the main goal is to characterize, in terms of the class, the flag systems (Theorem 5.4 and Corollary 5.3). However, we obtain results which can be applied in a more general situation.
We are interested in emphasizing that the technique used allows us to give direct and intrinsic proofs. Thus, for example, the necessary condition in Theorem 5.4 was proved by Kumpera-Ruiz [8] and Gardner [5] independently, but the proof we give is not by using coordinates.
Likewise, we think it is interesting to compare the results obtained in Section 5 with some results that appear in [5] . By means of an intrinsic proof we obtain, in Corollary 5.2, the same conclusion from a different hypothesis. Also, we improve the necessary condition in Theorem 5.4 because we do not need to make any assumption about the integrability of S 2 .
In Sections 4 and 5 several examples and counterexamples are shown in order to prove that, in most cases, it is not possible to improve the result. We also present an open problem in Section 4.
Pfaffian systems
Our purpose in this section is to recall some basic definitions and results from the theory of Pfaffian systems. We refer the reader to [1] and [8] for the proofs unless otherwise indicated.
Let M be a differentiable manifold of finite dimension n which we will assume to be connected and of class C ∞ . We will denote by T and T * the tangent and the cotangent bundle of M respectively. Let Γ(E) denote the module of the global sections of a vector bundle E over M , and let Γ (E) be the presheaf of the local sections of E. Definition 2.1. A Pfaffian system on M is a vector subbundle locally trivial S of T * .
Thus, if S has rank p, locally S is generated by linearly independent p Pfaffian forms
We shall represent
omitting both the point and the neighborhood unless necessary to avoid misunderstandings.
Definition 2.2. Given a Pfaffian system S, an integral manifold of S is a subman- Definition 2.5. An automorphism or a symmetry of S (also of Σ) is a diffeomorphism ϕ of M such that ϕ * (S) = S (or ϕ * (Σ) = Σ). We shall denote Aut(S) the group of automorphisms of S. Definition 2.6. An infinitesimal automorphism, or an infinitesimal symmetry, of S (also of Σ) is a vector field which generates a local 1-parameter group of automorphisms of S. We will denote L(S) the set of all the infinitesimal automorphisms of S.
It is easily checked that ξ ∈ L(S) if and only if
where L ξ is the Lie derivative with respect to ξ.
The module L c (S) = L(S) ∩ Γ (Σ) of the characteristic vector fields induces a distribution, which might be singular, and which we shall denote by ∆ = ∆(S): in each point x of M , ∆ x is the subspace of T x M generated by the values in x of the characteristic vector fields.
Since ϕ ∈ L c (S) if and only if
for every ω ∈ Γ (S) and every η ∈ Γ (Σ), the set of the vector fields of M which take value in ∆ is L c (S). Whenever the dimension of ∆ x is constant, that is, whenever ∆ is a distribution, it is called, followingÉlie Cartan, the characteristic distribution of S and its annihilator C = C(S) ⊂ T * is the characteristic system of S. In this case, the integer rank(C(S)) is named the class of the Pfaffian system S and it is denoted by class(S).
Henceforth, we shall assume that S is a Pfaffian system with constant class, that is, dim(∆ x ) is constant. (a) S is completely integrable. The class, therefore, is the minimum number of variables necessary in order to write down local generators of the system. Those variables are called the characteristic variables of the system S.
Structure tensor. Derived systems
The structure tensor of a Pfaffian system S ( [8] ) is defined as the vector bundle morphism
Proposition 3.1. The rank of k is constant if and only if the dimension of ∆ x is constant.
In this case, we establish:
Theorem 3.1. Let S be a Pfaffian system of constant class, then
and
class(S) = rank(k) + rank(S)
We can formulate Frobenius' theorem by means of the structure tensor in the following terms:
Theorem 3.2. A Pfaffian system S is completely integrable if and only if
Remark 3.1. Theorem 3.2 allows us to consider the structure tensor of a Pfaffian system as a curvature for the flatness (integrability) of a Pfaffian system.
Proposition 3.2. The rank of k is always different from 1; as a consequence, the class of a Pfaffian system S is either equal to its rank (if S is completely integrable) or strictly greater than rank(S) + 1 (if S is not completely integrable).
Definition 3.1. In each point x ∈ M , (S 1 ) x is defined as the right kernel of the tensor k x , i.e., (
Whenever the dimension of these spaces is constant, the Pfaffian system S 1 obtained is called, followingÉlie Cartan, the first derived system of S.
Notice that, since
, consisting of the annihilators of S 1 , is the distribution induced by the submodule of Γ (T ) generated by
Theorem 3.3. A Pfaffian system S is completely integrable if and only if
Since S 1 is a subbundle of S canonically associated to S, we have 
Aut(S) ⊂ Aut
We shall denote ∆(S 1 ) = ∆ 1 , C(S 1 ) = C 1 and k 1 the structure tensor of S 1 . The successive derived systems are defined inductively by
Whenever all the derived systems exist we obtain a decreasing sequence of Pfaffian systems,
whose last term is a completely integrable Pfaffian system (which might be trivial).
Definition 3.2.
A Pfaffian system which satisfies the above condition is called totally regular. The derived length of a totally regular Pfaffian system S is the smallest nonnegative integer such that S = S +1 .
For the r th derived system, S r of S, k r represents its structure tensor and we denote ∆ r = ∆(S r ), C r = C(S r ).
Theorem 3.5.
is commutative and the sequence
This property, which is essential in this work, allows us, for example, to define, for a totally regular Pfaffian system with derived length , the reduced tensor by 
The characteristic system of the first derived system
In this section the goal is to prove some results concerning the incidence relations between a Pfaffian system S and the characteristic system of its first derived system S 1 . These relations allow us to characterize the integrability of S 1 , that is, we characterize the totally regular Pfaffian systems with derived length one.
Theorem 4.1. Let S be a totally regular Pfaffian system with derived length . The following conditions are equivalent:
(a) = 1, that is, S 1 is completely integrable.
Proof. S 1 is completely integrable iff k 1 ≡ 0 iff C 1 = S 1 . Therefore, if we suppose that S 1 is completely integrable, we have
and, as a consequence, conditions (b) through (g) are necessary for S 1 to be completely integrable. Let us suppose C 1 ∩ S = S 1 . Since
If k 1 (Σ ⊗ S 1 ) = {0} then the local sections of Σ are infinitesimal automorphisms of S 1 , i.e., Σ ⊆ ∆ 1 , or, equivalently, C 1 ⊆ S and (d) holds.
Moreover, C 1 is a proper subset of S if S is not completely integrable because C 1 is always a completely integrable system. From (d), as C 1 ∩ S = C 1 is equivalent to C 1 ⊆ S, we have
Since C 1 is completely integrable and Σ ⊆ ∆ 1 , we obtain
This means that C 1 is included in the right kernel of k, which is S 1 . Therefore, C 1 = S 1 is completely integrable, and so the first four conditions are equivalent.
Condition (e) is also equivalent to the ones above because, if
and thus (e) implies (d).
Finally, from (g) if, for a complement Σ of Σ in Σ 1 ,
In terms of the reduced tensor k (1) we can state conditions (c) and (e) in the following corollary: Corollary 4.1. The following are equivalent:
As a consequence of Theorem 4.1 and Proposition 4.1 we have a new corollary:
Remark 4.1. Example 4.1 shows that if the codimension of S 1 in S is greater than one, the nonintegrability of S 1 does not imply S ⊂ C 1 .
Example 4.1. In dimension 6, the Pfaffian system S of rank 3, locally generated by the 1-forms
has as its first derived system S 1 , the system of constant rank 1,
In this case ω 3 ∈ C 1 = span{dx 1 , dx 2 , dx 6 } and thus S ⊂ C 1 .
Proposition 4.2. If any of the next conditions hold:
Proof. For (a), it is enough to take into account that k 1 = 0 and
In this case the problem is still open.
Flag Pfaffian systems
In this section the first step is to analyze those Pfaffian systems such that the codimension of its first derived system, S 1 , in S is one. Next we study the case dim(S/S 1 ) = dim(S 1 /S 2 ) = 1, which means that the second derived system verifies the same property in relation to the first one. Finally, we extend the results to totally regular systems with derived length ,
dim(S/S ) = = rank(S) − rank(S ).
Also, we obtain a sufficient condition for S 1 to have codimension one in S.
Definition 5.1. A totally regular Pfaffian system S is named a flag (Pfaffian) system when its derived length is equal to rank(S).
These systems are called special systems by Goursat [5] . The most representative example is the contact system in the space of holonomic jets for functions of one variable.
As a first result we can apply Proposition 4.2 to flag systems:
Proposition 5.1. If S is a flag Pfaffian system with derived length , then
Theorem 5.1. Let S be a Pfaffian system with first derived system S 1 . If S ⊂ C 1 and rank(k 1 ) = 2, then rank(k) = 2.
Proof. As rank(k 1 ) = 2, S 1 has codimension two in C 1 . Since S 1 ⊂ S ⊂ C 1 , we deduce that S has codimension one in C 1 or, equivalently, ∆ 1 has codimension one in Σ. So, if ∆ 1 is a complement of
On the other hand, from
it follows that dim(S/S 1 ) = 1 and thus, if S = S 1 ⊕ S 1 , S 1 has dimension one. Therefore we can descompose
and as dim(
Also, since C 1 is completely integrable, the vector fields of ∆ 1 are characteristic vector fields of C 1 , that is L ∆1 (C 1 ) ⊆ C 1 and therefore
From (1) and (2),
But S is not a completely integrable system and so
and therefore rank(k) = 2.
Notice that Gardner [5] obtains the same conclusion, that is, rank(k) = 2 by changing the hypothesis S ⊂ C 1 and rank(k 1 ) = 2 by dim(S/S 1 ) = 1 and rank(k 1 ) = 0.
We can state the above theorem in terms of the class in the next corollary: Remark 5.2. Below we give two examples which prove that, even in the flag case, if rank(k 1 ) = 2, in general, the rank of k cannot be determined.
Example 5.1. Let us consider, in dimension six, the Pfaffian system of rank two, locally generated by
The derived system is a completely integrable system of rank one locally generated by ω 1 . So rank(k 1 ) = 0 whereas rank(k) = 4, that is, the class of S is six, the characteristic system of S in every point is the whole cotangent space in the point.
Example 5.2. Let us consider, in dimension five, the Pfaffian system of rank three, locally generated by the 1-forms:
The derived system S 1 is generated by ω 1 and ω 2 . This system determines completely, in dimension five, the system S, that is, given the system S 1 , of rank two locally generated by ω 1 and ω 2 , S is the only Pfaffian system on this manifold which has S 1 as its first derived system.
The derived system of S 1 , S 2 , is trivial in this case and we have rank(k) = 2 and rank(k 1 ) = 3;
that is, in both cases, the characteristic system of S in each point is the whole cotangent space in the point.
This situation is the one thatÉ. Cartan [4] describes saying that there exists a univocal correspondence between S and S 1 in dimension five (also see [3] ). Proof. Since rank(k) = 2, S has codimension two in C, or, equivalently, ∆ has codimension two in Σ. Let X 1 and X 2 be linearly independent local generators of a complement of ∆ in Σ. Let us call
and let S = Σ ⊥ . As S ⊂ S and dim(S/ S) = 1 it suffices to prove S = S 1 .
In addition to this, k(∆ ⊗ S) = {0}. Thus k(∆ ⊗ S) = {0} and therefore S ⊆ S 1 . Since S = S 1 , this implies S = S 1 .
Theorem 5.3. If dim(S/S
Therefore, the class of S 1 is constant and equal to rank(S 1 ) + 2.
Proof. As dim(S/S 1 ) = 1, Σ 1 = Σ ⊕ Σ with dim( Σ) = 1 and
Since k 1 (Σ ⊗ S 1 ) ⊆ S/S 1 , we have dim(k 1 (Σ ⊗ S 1 )) ≤ 1. (4) On the other hand, as S 2 is the first derived system of S 1 ,
which implies, if S 2 is a complement of S 2 in S 1 ,
So, since dim( Σ) = 1 and dim( S 2 ) = 1, we deduce dim(k( Σ ⊗ S 1 )) ≤ 1. A demonstration using coordinates of the necessary condition of Theorem 5.4 can be seen in [8] .
It is possible to reformulate Theorem 5.4 in the following terms: Notice that we improve the result obtained by R.B. Gardner in [5] , in the sense that we do not need to make any assumption about the integrability of S 2 . Aside from this, the proof we give is not in coordinates. Reciprocally, if S is a totally regular Pfaffian system with derived length ≥ 2, such that rank(k r ) = 2, for every r < , then S is a flag system.
